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Abstract
Let q = pr with p = 3 and r  2. We give a recursion formula for the moments of a Kloosterman sum
over the finite field Fq , which utilizes known weight formulae for the ternary Melas code M of length
q − 1. The method is illustrated by giving explicit formulae for the moments up to the tenth moment.
As an application for the formulae, and for their analogues obtained earlier in case p = 2, we get the
exact number of rational points on fibre products of certain Kloosterman curves. As a corollary we obtain
identities between Ramanujan’s tau-function, Kronecker class numbers, and Dickson polynomials.
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1. Introduction
Let r be a positive integer and let q = pr with p a prime. Let χ be the canonical additive
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When p = 2 there is a fundamental result on the distribution of values of k(a) obtained in [10,
Theorem 3.4, Proposition 9.1]:
Theorem 1. Assume r  2 and q = 2r . The range S of k(a), as a runs over F∗q , is given by
S = {t ∈ Z: |t | < 2√q and t ≡ −1 (mod 4)}.
Moreover, each value t ∈ S is attained exactly H(t2 − 4q) times, where H(d) is the Kronecker
class number of d .







t2 − 4q)th, (1)
by Theorem 1. Hence, if sufficiently many Kh are known, then all H(t2 − 4q) with t ∈ S can be
solved from a system of equations.
In [13] we expressed the moments Kh in terms of the frequencies of weights in the binary
Zetterberg code of length q + 1, and, as a consequence, obtained explicit formulae for Kh with
h = 0, . . . ,10, by using results of [15]. In this note explicit formulae for Kh with h = 0, . . . ,10
are obtained in case p = 3, by using results of [3].
As an application the number of rational points on fibre products of certain Kloosterman
curves are given. More precisely, for a ∈ F∗q let Fa,m := Fqm(x, ya) denote the function field
over the field of constants Fqm defined by yqa − ya = x + ax−1.
We give, for each m = 1, . . . ,10, simple explicit formulae for the number of rational places
of Fa,m when p = 2, and of the compositum Fa,mFb,m (a = b) when p = 2,3. Moreover, the
zeta functions of Fa,1 and Fa,1Fb,1 are determined in cases p = 2 and p = 2,3, respectively, up
to the evaluation of certain Kronecker class numbers.
As a corollary identities relating the values of Ramanujan’s tau-function at the powers of two
and three to Kronecker class numbers and Dickson polynomials are obtained.
The rest of this paper is organized as follows. In Section 2 some results from [13], and some
basic properties of Ramanujan’s tau-function and Dickson polynomials are recalled. In Section 3
we give recursion formulae for the moments of a Kloosterman sum over the fields F3r , and
evaluate the moments up to the tenth moment. In Section 4 some results on fibre products of
Artin–Schreier curves from [5] are recalled; in particular, a point counting formula is rephrased
in terms of exponential sums. In Section 5 function fields Fa,m and Fa,mFb,m are considered.
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Let q = 2r with r  2. In [13] the moments Kh of the Kloosterman sum k(a) were expressed
in terms of frequencies of weights in the Zetterberg code of length q + 1, which, in turn, were
obtained in [15] in terms of the traces of certain Hecke operators acting on spaces of cusp forms
for the congruence subgroup 1(4) ⊂ SL2(Z). For small values of h the traces were explicitly
calculated in Propositions 6.1–6.3 of [15], and the weight formulae for low-weight codewords
were then given in [15, Table 6.2]. The weight formulae were used in [13] to derive the following
result:
Proposition 2. Let q = 2r with r  2. Then
K0 = q − 1, K1 = 1, K2 = q2 − q − 1, K3 = ±q2 + 2q + 1,
K4 = 2q3 − 2q2 − 3q − 1,
K5 = (t7 ± 4)q3 + 5q2 + 4q + 1,
K6 = 5q4 − (5 ± 1)q3 − 9q2 − 5q − 1,
K7 = (t9 + 6t7 + 1 ± 14)q4 + 14q3 + 14q2 + 6q + 1,
K8 = 14q5 − (15 ± 7)q4 − 28q3 − 20q2 − 7q − 1,
K9 = (t11 + 8t9 + 27t7 + 8 ± 48)q5 + 42q4 + 48q3 + 27q2 + 8q + 1,
K10 = 42q6 − (51 ± 35)q5 − 90q4 − 75q3 − 35q2 − 9q − 1 + 211τ(q/4) − τ(q),
where ± denotes (−1)r , t7 = αr7 + α¯r7 with α7 = (1 +
√−15 )/4, t9 = αr9 + α¯r9 with α9 =




−510 − 6√505 )/32,




−510 + 6√505 )/32, and τ is the Ramanujan’s tau-function.








1 − T n)24 = T − 24T 2 + 252T 3 + · · · ∈ ZT .
Replace T n with n−s where s is a variable. We know, by the theory of modular forms (see







1 − τ(p)p−s + p11−2s)−1, (2)
where P is the set of rational primes. Let μp,νp be complex numbers such that
1 − τ(p)p−s + p11−2s = (1 − μpp−s)(1 − νpp−s). (3)
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The claim follows now from (3) and (4). 
Remark 4. Since τ(2) = −24 and τ(3) = 252, it follows from (3) that μ2 = −12 + 4
√−119,
ν2 = μ¯2, and μ3 = 126 + 9
√−1991, ν3 = μ¯3.
Actually, by Ramanujan’s conjecture (proved by Deligne) we know that νp = μ¯p for all p ∈ P.
We conclude this section by recalling some basic properties of Dickson polynomials. Let 	










(−n)jT 	−2j ∈ Z[T ]
denote the Dickson polynomial of the first kind of degree 	 with parameter n.
It is known (see [11, Chapter 2]) that the following recurrence relation holds for 	 1:
D	+1(T ,n) = TD	(T ,n) − nD	−1(T ,n)

















)− p11τ(p	−2)= D	(τ(p),p11) ∀p ∈ P.
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√
τ(p)2 − 4p11 and 2νp = τ(p)−
√
τ(p)2 − 4p11 by (3), the claim
follows from Lemma 3 and Proposition 5. 
We shall also need the first ten Dickson polynomials with n = q = pr (p = 2,3):
D1(T , q) = T , D2(T , q) = −2q + T 2, D3(T , q) = −3qT + T 3,
D4(T , q) = 2q2 − 4qT 2 + T 4, D5(T , q) = 5q2T − 5qT 3 + T 5,
D6(T , q) = −2q3 + 9q2T 2 − 6qT 4 + T 6,
D7(T , q) = −7q3T + 14q2T 3 − 7qT 5 + T 7,
D8(T , q) = 2q4 − 16q3T 2 + 20q2T 4 − 8qT 6 + T 8,
D9(T , q) = 9q4T − 30q3T 3 + 27q2T 5 − 9qT 7 + T 9,
D10(T , q) = −2q5 + 25q4T 2 − 50q3T 4 + 35q2T 6 − 10qT 8 + T 10.
3. The moments of a Kloosterman sum over F3r
Let q = 3r (r  2). Let γ be a primitive element of Fq . The Melas code M of length q − 1
is the ternary cyclic code with the defining zeroes γ and γ−1, i.e. M is the F3-subspace of Fq−13
defined by




1 γ γ 2 · · · γ q−2
1 γ−1 γ−2 · · · γ−(q−2)
)
.
The dual (or the orthogonal complement) M⊥ of M has a nice description by means of the
trace function tr :Fq → F3 (see e.g. [16, Example VIII.2.4]):
M⊥ = {c(a, b) := (tr(a + b), tr(aγ + bγ−1), . . . , tr(aγ q−2 + bγ 2−q)): a, b ∈ Fq}.
Next we express the Hamming weight w(c(a, b)), i.e the number of nonzero components, of














q − 1 − k(a, b)).




































= q − 1 − 1
3
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ax + bx−1). 
In [4] (see also [3, Section 3]) the weight distribution of the dual M⊥ of the ternary Melas
code M of length q − 1 was obtained:
Theorem 8. The nonzero weights wt of M⊥ are 2(q − 1 + t)/3 where t ∈ Z, t2 < 4q , and
t ≡ 1 (3). For t = 1 the frequency of wt is (q − 1)H(t2 − 4q); the weight w1 = 2q/3 has
frequency (q − 1)(H(1 − 4q) + 2).






x + cx−1)=: k(c).
Moreover, if ab = 0 but not both of a and b are zero, then k(a, b) = −1. Hence, the following
analogue of Theorem 1 holds by Theorem 8 and Lemma 7 (cf. [9, Sections 2.3, 2.6]):
Theorem 9. (See [7, Theoreme 2].) Assume r  2 and q = 3r . The range S of k(c), as c runs
over F∗q , is given by
S = {t ∈ Z: |t | < 2√q and t ≡ −1 (mod 3)}.
Moreover, each value t ∈ S is attained exactly H(t2 − 4q) times.







t2 − 4q)th ∀h 0.







)→ M⊥, (a, b) → c(a, b)
is a group isomorphism.
Proof. Map Ψ is obviously a surjective homomorphism. It is injective too, since Ψ (a, b) = 0 if
and only if w(c(a, b)) = 0 if and only if k(a, b) = q − 1, by Lemma 7. But k(a, b) = −1 if one
but not both of a and b are zero, and |k(a, b)| 2√q if ab = 0, by the Weil bound. 
Another result which is needed is the following one, proved by Pless in [14] (see also
[6, p. 257]):
Theorem 12 (Power moment identity). Let B be a ternary linear code of length n and of di-
mension k, and let Bi (respectively B⊥i ) denote the number of codewords of weight i in B
(respectively in B⊥). Then, for h = 0,1, . . . , we have:
n∑
i=0






















jh (a Stirling number of the second kind).
Theorem 13. Let Mi denote the number of codewords of weight i in M . Then, for every positive
integer h, the moment Kh of the Kloosterman sum k(b) is given by
(q − 1)2hKh = f (M0, . . . ,Mh) + g(K0, . . . ,Kh−1),
where








q − 1 − i
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Proof. We choose B = M⊥ in the power moment identity, and consider the left-hand side of the
identity. There are exactly 2(q − 1) such pairs (a, b) ∈ F2q that ab = 0 but not both of a and b are
zeros. For each such pair (a, b) the weight w(c(a, b)) = 2q/3 by Lemma 7.
For each u ∈ F∗q there are exactly q − 1 pairs (a, b) ∈ F2q with ab = u, and for each such
pair (a, b) the weight w(c(a, b)) = 2(q − 1 − k(u))/3 by Lemma 7. By these remarks, and by
Lemma 11, the left-hand side of the power moment identity equals
n∑
i=0




q − 1 − w(c(a, b)))h
= (q − 1)h + 2(q − 1)((q − 3)/3)h + (q − 1) ∑
u∈F∗q
((
q − 1 + 2k(u))/3)h
= (q − 1)h + 2
3h











= (q − 1)h + 2
3h

















q − 1 − i












q − 1 − i
q − 1 − t
)
,
and the claim follows now easily. 
A general formula for Mi is given in [3, Theorem 3.1], and, as a consequence, we have the
following weight formulae (see [3, Table 6.1]):
M1 = M3 = 0, M2 = q − 1, M4 = (q − 1)(q − 3)/2,
M5 = 4(q − 1)
(
q2 − (14 ∓ 1)q + 36)/15,
M6 = (q − 1)
(
8q3 − 165q2 + (1240 ∓ 68)q − 2655)/90,
M7 = 2(q − 1)
(
4q4 − 108q3 + (4t9 + 1215 ∓ 18)q2
− (6744 ∓ 399)q + 12 884)/315,
M8 = (q − 1)
(
16q5 − 560q4 + 8225q3 − (224t9 + 66 255 ∓ 880)q2
+ (298 263 ∓ 16 296)q − 517 825)/2520,
M9 = (q − 1)
(
16q6 − 704q5 + 13 216q4
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− (3 470 238 ∓ 187 593)q + 5 597 820)/11 340,
M10 = (q − 1)
(
32q7 − 1728q6 + 40 512q5 − 540 519q4
+ (6240t9 − 720t11 + 4 529 826 ∓ 6120)q3
− (110 280t9 + 24 851 277 ∓ 360 000)q2
+ (85 643 448 ∓ 4 448 871)q − 129 806 479
− 32(τ(q) − 311τ(q/9))/q2)/113 400,
where ∓ denotes (−1)r+1, t9 = αr9 + α¯r9 with α9 = (5 + 2
√−14 )/9, t11 = αr11 + α¯r11 with
α11 = (−1 + 4
√−5 )/9, and τ is the Ramanujan’s tau-function.
These formulae and Theorem 13 imply (with the help of Mathematica):
Theorem 14. Let q = 3r with r  2. Then
K0 = q − 1, K1 = 1, K2 = q2 − q − 1, K3 = 2q + 1,
K4 = 2q3 − 3q2 − 3q − 1,
K5 = ±q3 + 5q2 + 4q + 1,
K6 = 5q4 − (10 ± 1)q3 − 9q2 − 5q − 1,
K7 = (t9 ± 6)q4 + 14q3 + 14q2 + 6q + 1,
K8 = 14q5 − (35 ± 8)q4 − 28q3 − 20q2 − 7q − 1,
K9 = (t11 + 8t9 ± 27)q5 + 42q4 + 48q3 + 27q2 + 8q + 1,
K10 = 42q6 − 9(14 ± 5)q5 − 90q4 − 75q3 − 35q2 − 9q − 1 + 311τ(q/9) − τ(q),
where ± denotes (−1)r .
4. Fibre products of Artin–Schreier curves and exponential sums
In this section we recall some results on fibre products of Artin–Schreier curves. Especially,
a result from [5] concerning the point counting on the fibre product of Artin–Schreier curves is
rephrased in terms of exponential sums.
Let F = Fqm . Let L be a Fp-subspace of the rational function field F(x) with a basis
{f1, . . . , fn} ⊂ Fq(x) \Fq , and assume that the multiplicities of poles of the nonzero elements of
L are not divisible by p.
To each f (x) ∈ L we associate the Artin–Schreier extension Ff,m = F(x, yf ) over F(x) de-
fined by ypf − yf = f (x), and consider the compositum Fm = F(x, yf1 , . . . , yfn).
Let Nm and Nf,m denote the number of rational places of Fm and Ff,m, respectively. The
following result is proved in [5] by a nice elementary counting argument:
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qm + 1 − Nf,m
)
.
Let LF (T ),Lf (T ) ∈ Z[T ] denote the numerators of the zeta-functions of F1 and Ff,1, respec-
tively. Theorem 15, Newton’s formula (see [12, Theorem 1.75]), and [16, Theorem V.1.15 (e),
Corollary V.1.16] imply now the following
Corollary 16.










where gF and gf are the genera of F1 and Ff,1, respectively.
For f (x) ∈ L let Pf be the set of poles of f (x) in F. Let P∞ denote the infinity place
of F(x) and let v∞ denote the corresponding discrete valuation i.e. if f (x) = a(x)/b(x) then
v∞ = degb − dega. Let e denote the canonical additive character of F.
Theorem 18. The number Nm of rational places of Fm is given by
Nm = qm + 1 − p
n − 1













where Sf is the set of rational places of Ff,m lying above P∞.
Proof. Let χ be the canonical additive character of Fp , and let Tr be the trace function from Fqm
onto Fp . Let f ∈ L \ {0}.
First we note that, for a given α ∈ F, the equation Yp − Y = α has either p or 0 solutions in
F depending on whether Tr(α) equals zero or not. Now, by the orthogonality of characters, the
number N ′f,m of solutions (X,Y ) of
Yp − Y = f (X)
in (F \Pf ) × F is given by






























It follows from [16, Corollary III.3.8] that the number of such finite rational places of Ff,m
which do not lie above the poles of f (x) in F(x) is equal to N ′f,m. Moreover, since the poles of
f (x) in F(x) are totally ramified in Ff,m, by item (c) of [16, Proposition III.7.8], we get









Now, by Theorem 15, we get




































Remark 19. By Proposition III.7.8 and Corollary III.3.8 in [16] we know that |Sf | = 1 if
v∞(f ) < 0 and |Sf | = p if v∞(f ) > 0. Moreover, if v∞(f ) = 0 then
f (x) = ah(x
−1)h + · · · + a1x−1 + a0
bl(x−1)l + · · · + b1x−1 + b0
with a0b0 = 0, and therefore |Sf | now equals p or zero according as Tr(a0/b0) is, or is not, equal
to zero.
Example 20. Let q = pr . Let f (x) ∈ Fq(x) \ Fq and assume that the multiplicities of poles of
f (x) are not divisible by p. Let L= {cf (x): c ∈ F∗q}, and let
Fm: y
q − y = f (x).
Let {c1, . . . , cr} be a basis of Fq over Fp . Now, by Proposition 1.2 and by the proof of Propo-
sition 1.1 in [2] we get
Fm = F(x, yc1 , . . . , ycr ), (5)
where ypc − yc = cjf (x) for all j = 1, . . . , r .j j
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by
Nm = qm + 1 + p
r − 1
p − 1













0 if v∞(f ) = 0 and Tr(a0/b0) = 0,
1 if v∞(f ) < 0,
p otherwise.
5. On the fibre products of Kloosterman curves
Let a ∈ F∗q . Let Fm = F(x, y) denote the function field over F = Fqm defined by
yq − y = x + ax−1,
and let Nm denote the number of rational places of Fm.








The values of k(m)(c) are related to the values of k(c) := k(1)(c) via the following nice result by
Carlitz (see [1] or [12, Theorem 5.46]):




) ∀c ∈ F∗q .
Lemma 22. The number Nm of rational places of Fm is given by








Proof. By Eq. (6) we have

















u + ac2u−1). 
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In this subsection we assume that q = 2r with r  2. We recall that Kj denotes the j th
moment of the Kloosterman sum k(c).
Lemma 23. The number Nm of rational places of Fm is given by




where the integers dj are the coefficients of the Dickson polynomial
Dm(T ,q) = dmT m + dm−1T m−1 + · · · + d1T + d0.
Proof. Since the mapping c → ac2 is a permutation of Fq , Lemma 22 implies that




The claim follows now from Theorem 21 by noting that K0 = q − 1. 
By combining Lemma 23, Proposition 2, and the explicit formulae for Dj(T , q) (j = 1,
. . . ,10) from Section 2 we get
Theorem 24. The number Nm of rational places of Fm is given by
m Nm − (qm + 1)
1 1
2 q2 − q + 1
3 ±q2 − q + 1
4 1 − q
5 (t7 ∓ 1)q3 − q + 1
6 ±q3 − q + 1
7 (t9 − t7 + 1)q4 − q + 1
8 (1 ∓ 1)q4 − q + 1
9 (t11 − t9 − 1)q5 − q + 1
10 τ(q) − 211τ(q/4) − q5 − q + 1
where ±, t7, t9, t11, and τ are as in Proposition 2.
Remark 25. τ(q) − 211τ(q/4) = μr2 + μ¯r2 with μ2 = −12 + 4
√−119, by Lemma 3 and Re-
mark 4.
















t2 − 4q)Dm(t, q),
and now, by Lemma 23, we get
Lemma 26. The number Nm of rational places of Fm is given by





t2 − 4q)Dm(t, q),
where
S = {t ∈ Z: |t | < 2√q, t ≡ −1 (4)}.
The zeta function of F1 can quickly be calculated by Lemma 26. For each t ∈ S let αt =
(t +√t2 − 4q )/2. Since
Dm(t, q) = αmt + α¯mt ∀t ∈ S,
by Proposition 5, we see by Lemma 26, Newton’s formula, and [16, Theorem V.1.15(e), Corol-
lary V.1.16] that the reciprocals of the roots of the numerator L(T ) of the zeta-function of F1 are
exactly the numbers −αt with multiplicity H(t2 − 4q) as t varies over the set S. Hence we have





qT 2 + tT + 1)H(t2−4q).
Example 28. Let q = 16. Now S = {−5,−1,3,7} and H(t2 − 4q) = 4,5,4,2 when t =
−5,−1,3,7, respectively, and therefore the L-polynomial of F1/F16 is given by
L(T ) = (16T 2 − 5T + 1)4(16T 2 − T + 1)5(16T 2 + 3T + 1)4(16T 2 + 7T + 1)2.
Remark 29. By combining Theorem 24 and Lemma 26 when m = 10, we get a nice identity:





t2 − 4q)D10(t, q) ∀q = 2r , r  2.
5.2. On the number of rational places of F(x, ya, yb)
In this subsection p is any prime and q = pr with r  2. Let a, b ∈ F∗q with a = b, and let
Lm := F(x, ya, yb)
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Fm: y
q
a − ya = x + ax−1, F ′m: yqb − yb = x + bx−1.
Theorem 30. The number Nm of rational places of Lm is given by




Proof. For c ∈ F∗q let
Fc,m: y
p
c − yc = cfa(x), F ′c,m: zpc − zc = cfb(x),
where fa(x) = x + ax−1 and fb(x) = x + bx−1. Let {c1, . . . , cr} be a basis of Fq over Fp . Now,
by (5) we get
Lm = F(x, yc1 , . . . , ycr , zc1 , . . . , zcr ).
Moreover, it is easy to see that the elements c1fa, . . . , crfa, c1fb, . . . , crfb are linearly inde-
pendent over Fp . Let L be the Fp-space spanned by these elements, and let C = {(c, d) ∈ F2q :
(c, d) = (0,0)}.
Each element f (x) in L \ {0} is of the form f (x) = cfa(x) + dfb(x) = (c + d)x +
(ca + db)x−1 for unique (c, d) ∈ C. Since the map (c, d) → (c + d, ca + db) is a permuta-
tion of C, every element f (x) in L \ {0} is actually of the form f (x) = cx + dx−1 for unique
(c, d) ∈ C.
Now, by Theorem 18 and Remark 19, we get
Nm = qm + 1 + 1
p − 1
















where Pc,d is the set of poles of f (x) = cx + dx−1 in F. Since the inner sum equals −1 or 0
according as c = 0 or d = 0, respectively, we get







cu + du−1)− (q − 1)
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Corollary 31. The number Nm of rational places of Lm is given by




where the integers dj are the coefficients of the Dickson polynomial
Dm(T ,q) = dmT m + dm−1T m−1 + · · · + d1T + d0.
By combining Corollary 31, Theorem 14, and the explicit formulae for Dj(T , q) (j =
1, . . . ,10) from Section 2, we get
Theorem 32. Assume q = 3r with r  2. The number Nm of rational places of Lm is given by
m (Nm − qm − 1)/(q − 1)
1 1
2 q2 − q + 1
3 1 − q
4 q2 − q + 1
5 ±q3 − q + 1
6 (−1 ± 1)q3 − q + 1
7 (t9 ∓ 1)q4 − q + 1
8 q4 − q + 1
9 (t11 − t9)q5 − q + 1
10 τ(q) − 311τ(q/9) − q5 − q + 1
where ±, t9, t11, and τ are as in Theorem 14.
Remark 33. τ(q) − 311τ(q/9) = μr3 + μ¯r3 with μ3 = 126 + 9
√−1991, by Lemma 3 and Re-
mark 4.
Remark 34. By replacing Nm−(qm+1) with (Nm−qm−1)/(q−1) in the table of Theorem 24,
we have a table for the number of rational places of Lm in case p = 2, for m = 1, . . . ,10.
Corollaries 31 and 10 and Theorem 1 give the following counting formula:
Lemma 35. Let p = 2 or p = 3, and let q = pr with r  2. The number Nm of rational places
of Lm is given by





t2 − 4q)Dm(t, q),p
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Sp =
{
t ∈ Z: |t | < 2√q, t ≡ −1 (n)},
with n = 4 if p = 2, and n = 3 if p = 3.
Finally, a similar argument to the one used in the proof of Theorem 27 gives






qT 2 + tT + 1)(q−1)H(t2−4q).
Remark 37. As in case p = 2 we get a nice identity:





t2 − 4q)D10(t, q) ∀q = 3r , r  2.
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